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Experimental motivation (InO)

Jump in superfluid stiffness (T ≈ 20 mK)

Large pseudogap

Thibault Charpentier et al. (not yet published)
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Anderson pseudospins

No single-electron excitations ⇒ Anderson pseudospin representation:

σ̂zi = 1− â†i,↑âi,↑ − â
†
i,↓âi,↓

σ̂+
i = 2â†i,↑â

†
i,↓, σ̂−i = 2âi,↓âi,↑

Index i enumerates localized (multifractal) states (Anderson
localization)
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Theoretical model: Hamiltonian

Ĥ =
∑
r

εrσ̂
z
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8

∑
r 6=r′

Jrr′(σ̂+
r σ̂
−
r′ + h.c.) +
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Urr′ σ̂zrσ̂
z
r′

Random localized band: ν0(εr) = exp
(
−ε2

r/2W
2
)
/
√

2πW

Long-range pair tunelling: J(q) ' J0(1− q2R2), R� 1

Coulomb interaction: Urr′ = e2/κ|r − r′|
(NB: interaction of pre-formed Cooper pairs!)
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Analytic approach and approximations

Replica trick:

lnZ = lim
n→0

∂

∂n
Zn

Plasmon field (Hubbard-Stratanovich):

exp

(
−β

2
σ̂zÛ σ̂z

)
=

∫
Dϕ exp

(
−β

2
ϕÛ−1ϕ+ iβϕσ̂z

)
RPA approximation for G(r, r′) = 〈ϕrϕr′〉:

Ĝ−1 = Û−1 + Q̂, Qab(r, r
′) =

〈〈
σ̂zr,aσ̂

z
r′,b

〉〉
Local approximation (huge disorder):

Qab ≈ δrr′ · 〈〈σ̂zaσ̂zb 〉〉loc , −βnĤloc =
β2

2

∑
ab

σ̂za
(
W 2Iab +Gab

)
σ̂zb

Self-consistency equation (cactus diagrams): Gab = −Gab(r = r′)
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Mean-field superconductivity
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BCS (neglecting Coulomb)

Order parameter: ∆i = 〈âi,↑âi,↓〉 = 1
2

〈
σ̂−i
〉

Mean-field approximation:

Ĥ
(MF)
SC ≈

∑
r

(
urσ̂

z
r −

1

2
(∆rσ̂

+
r + h.c.)

)
Spatially homogeneous approximation ∆r ≈ ∆ = const
(not quite true — see talk by Anton Khvalyuk):

1 = J

∫ ωD

0

dεν(ε)
tanh

(
β
√
ε2 + |∆|2

)
√
ε2 + |∆|2

Tc =
4eγ

π
ωDe

−1/λ, ∆0 = 2ωDe
−1/λ λ = ν0J

Coulomb gap: suppression of ν(ε) at Fermi energy!
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Coulomb effect (neglecting glass)

Dynamical Debye screening:

〈〈σ̂zσ̂z〉〉Ω =
|∆|2√

|∆|2 + ε2 (|∆|2 + ε2 + (Ω/2)2)

Q̃(Ω) = 〈〈σ̂zσ̂z〉〉Ω = 2ν0
θ

sinh θ
, sinh

θ

2
=

Ω

2∆

Gives rise to non-analytic in ∆ contribution to energy (RPA, T = 0):

F ≈ const · ν0|∆|EC −
1

2
ν0|∆|2 ln

e∆2
0

|∆|2
, const ≈ 1.9467

where EC = e3
√

2πν0/κ3

Igor Poboiko, Mikhail Feigel’man Superconducting glass



BCS + Coulomb (T = 0)

It is possible to get SC state with positive energy!
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Coulomb glass

Based on:
M. Mueller, L.B. Ioffe, PRL 93, 256403 (2004),
M. Mueller, S. Pankov, PRB 75, 144201 (2007)
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Replica symmetry breaking: Parisi ansatz

RSB ansatz:

Mathematically: spontaneous symmetry
breaking Sn 7→ (Sm)n/m ⊗ Sn/m.

Infinite order hierarchical structure:
Qab 7→ Q(x ∈ [0, 1])

Breaking of ergodicity!
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RSB description

Parisi equations:

−∂xm =
1

2
G′(x)

(
∂2
εm+ βx∂ε(m

2)
)
, m(x = 1, ε) = tanhβε

∂xν =
1

2
G′(x)

(
∂2
εν − 2βx∂ε(νm)

)
, ν(x = 0, ε) = ν0(ε) ≈ const

Self-consistency equations:

Ĝ = 2EC

√
Q̂/2ν0,

Q(x) = β

∫
dεν(x, ε)m2(x, ε)

Non-trivial solution appears when (“marginal stability”):

EC
2ν0

∫
dεν0(ε)

(
∂m(x = 1, ε)

∂ε

)2

= 1 ⇒ TG =
2

3
EC

Competition with superconductivity!

Igor Poboiko, Mikhail Feigel’man Superconducting glass



RSB: solution (Coulomb gap)

Soft gap at Fermi energy:

ν(T � |ε− µ| � EC) = const× ν0

(
ε− µ
EC

)2

, const ≈ 0.164

Numerical solution of Parisi equations (TG = 2
3EC):
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Competition between Coulomb
glass and superconductivity
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Stability

Q: where is glass stable w.r.t. appearance of SC order parameter?

A: Cooper stability:

1

ν0

∫ ∞
0

dε ln
2ε

∆0

∂

∂ε
(ν(ε) tanhβε) > 0

Q: where is superconductor stable w.r.t. appearance of glass order
parameter?

A: marginal stability:

EC
2

∫
dε

(
∂m

∂ε

)2

< 1, m(ε) =
ε√

ε2 + |∆(T )|2
tanhβ

√
ε+ |∆(T )|2
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Sketch of the phase diagram

Glass phase stable w.r.t. superconductivity

Superconducting phase stable w.r.t. glass
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Conclusions

1st order PT between Coulomb glass and superconductor

Relevant energy scales: ∆0 ∼ EC = e2
√

2πν0/κ3

Estimates: κ ∼ 1000, ν0 ∼ 5 · 1032 erg−1 cm−3

EC ∼ 1.5 K (reasonable)

Thank you for your attention!
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